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Abstract

Plateaued and bent functions play a significant role in cryptography, sequence

theory, coding theory and combinatorics. Coulter and Matthews (1997) re-

defined bent functions over any finite field Fq where q is a prime power, and

established their properties. The objective of this work is to redefine the notion

of plateaued functions over Fq, and present several explicit characterizations.

We first introduce, over Fq, the notion of q-ary plateaued functions, which relies

on the concept of the Walsh-Hadamard transform in terms of canonical additive

characters of Fq. We also give an example of q-ary plateaued functions, which

is not vectorial p-ary plateaued function. We then characterize q-ary plateaued

functions by means of derivatives, the Walsh power moments and autocorrela-

tion functions.
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1. Introduction

Bent functions over Z2 were introduced by Rothaus [19] in the 1970s, and

then generalized to any residue class ring Zk, where k is any positive integer,

by Kumar et al. (1985) in [9]. In 1997, Coulter and Matthews redefined in [5]

the notion of bent functions for any finite field Fq, where q is a prime power.

Bent functions have attracted a lot of research in the past four decades not

only for their own sake as interesting combinatorial objects, but also for their

relations to coding theory, combinatorics, design theory, sequence theory, and

applications in cryptography. Since bent functions are unbalanced, Carlet [1]

introduced a super class of bent functions: the notion of partially bent functions.

As an extension of this notion, Zheng and Zhang [20] introduced, over Z2, the

notion of plateaued functions whose absolute Walsh-Hadamard transform takes

only one nonzero value (also possibly the value 0). They have been widely

studied (see, e.g., [2, 3, 8, 14, 12, 21]) due to their cryptographic and combina-

toric properties. Besides the useful properties of bent functions, they may have

balanced-ness and correlation immunity. Indeed, some plateaued functions have

low Hadamard transform, which protects against fast correlation attacks and

linear cryptanalysis. Moreover, the order of resiliency and the nonlinearity of

Boolean functions are strongly bounded by plateaued functions only.

Plateaued Boolean functions were extended to p-ary plateaued functions, and

have been further studied in [4, 6, 7, 13, 15, 16]. More precisely, the first au-

thor introduced in [13] new characterizations of p-ary plateaued functions by

the Walsh power moments, and then independently, Carlet [2] introduced dif-

ferent characterizations of plateaued Boolean (vectorial) functions in terms of

the derivatives, autocorrelation functions and Walsh transform values. Recently,

the authors [4, 15, 16] have extended those characterizations, and presented fur-

ther characterizations of p-ary plateaued (vectorial) functions in terms of Walsh

power moments, derivatives and autocorrelation functions. In this work, after

introducing the notion of q-ary plateaued functions, we present several explicit

characterizations of q-ary plateaued functions.
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The paper is structured as follows. In Section 2, we collect main notations and

set the necessary background. Section 3 introduces the notion of q-ary plateaued

functions over Fq, which relies on the concept of the Walsh-Hadamard transform

in terms of canonical additive characters of Fq. We shall give a concrete example

to show the existence of q-ary plateaued functions, which is not vectorial p-

ary plateaued function. Section 4 presents several characterizations of q-ary

plateaued functions. More precisely, Subsections 4.1, 4.2 and 4.3 characterize

q-ary plateaued functions in terms of the derivatives, Walsh power moments and

autocorrelation functions, respectively. We finally conclude the paper.

2. Preliminaries

For any set E, #E denotes the size of E and E? = E \ {0}. Let C be the

field of complex numbers. Given a complex number z ∈ C, |z| and z̄ denote

the module and the conjugate of z, respectively. For a prime p, Fp is the

Galois field with p elements. For an integer m ≥ 1, a finite extension field of

degree m over Fp is denoted by Fq where q = pm. For an integer n ≥ 1, the

extension field Fqn over Fq can be regarded as an n-dimensional vector space

over Fq, and denoted by Fnq . The relative trace of α ∈ Fqn over Fq is defined as

Trq
n

q (α) = α+αq + · · ·+αq
n−1

. The absolute trace of β ∈ Fpm over Fp is defined

as Trp
m

p (β) = β + βp + · · ·+ βp
m−1

. A primitive p-th root of unity e2π
√
−1/p in

C is denoted by εp. The complex conjugation of εp is its inverse, i.e., εp = ε−1p .

The function χ from Fq to C defined as

χ(x) = ε
Trqp(x)
p for all x ∈ Fq (1)

is called a canonical additive character of Fq. Notice that for each y ∈ Fq, the

function χy(x) = χ(yx) for all x ∈ Fq is an additive character of Fq and every

additive character of Fq is obtained in this way. In particular, χ0 is a trivial

additive character of Fq defined as χ0(x) = 1 for all x ∈ Fq. For each additive

character χ of Fq, there is associated the conjugate character χ defined as χ(x) =

χ(x) for all x ∈ Fq. The following well known properties of χ will be frequently
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used in the sequel. For all x1, x2 ∈ Fq, we have χ(x1 + x2) = χ(x1)χ(x2)

and χ(x1) = χ(−x1). Let χ and ψ be the canonical additive characters of Fq
and Fnq , respectively. Then for all α ∈ Fnq , they are connected by the identity

χ(Trq
n

q (α)) = ψ(α). The reader is referred to [10, Chapter 5] for further reading

on characters of Fq.

For a function f from Fnq to Fq, a corresponding function χf from Fnq to C is

defined by χf (x) := χ(f(x)) = ε
Trqp(f(x))
p for x ∈ Fnq . The Walsh-Hadamard

transform of f at ω ∈ Fnq is the Fourier transform χ̂f : Fnq → C of the function

χf as

χ̂f (ω) =
∑
x∈Fn

q

χf (x)χ(ω · x), (2)

where χ is an additive character of Fq and “ · ” denotes an inner product in

Fnq over Fq. Notice that (2) can be also given without the conjugate of χ. We

remark that f is constant, if and only if, χ̂f (ω) = 0 at any nonzero ω ∈ Fqn (see,

e.g., [17]). The set of the complex values χ̂f (ω), called the Walsh coefficient of

f at point ω, for all ω ∈ Fqn is called the Walsh spectrum of f . The Walsh

support of f is the set {ω ∈ Fqn : χ̂f (ω) 6= 0}, which can be denoted byWS and

NS = #WS , and as is readily seen that NS ≤ qn. For any nonnegative integer

i, the Walsh power moment of q-ary function f is defined as

Si(f) =
∑
ω∈Fn

q

|χ̂f (ω)|2i

with the convention that S0(f) = qn. It is a well known fact that S1(f) = q2n

(Parseval identity). We now recall the following definitions (see in [5]). A q-ary

function f is said to be balanced over Fq if f takes every value of Fq the same

number, qn−1 times; otherwise, it is called unbalanced. The derivative (i.e., the

first-order derivative) of f at point a ∈ Fnq is the map Daf from Fnq to Fq defined

by Daf(x) = f(x + a) − f(x) for x ∈ Fnq . The second-order derivative of f at

point (a, b) ∈ (Fnq )2 is DbDaf(x) = f(x+ a+ b)− f(x+ a)− f(x+ b) + f(x) for

x ∈ Fnq . The autocorrelation function of f is the map from Fnq to C defined by

∆f (a) =
∑
x∈Fn

q

χ(Daf(x))
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for all a ∈ Fnq , where χ is an additive character of Fq in (1) (see, e.g., [9]). For

two functions G1, G2 : Fnq → C, the convolution of G1 and G2 is the map from

Fnq to C defined as

(G1 ⊗G2)(a) =
∑
x∈Fn

q

G1(a− x)G2(x) (3)

for all a ∈ Fnq (see, e.g., [17, Definition 10.1.18]).

Theorem 1. [17, Theorem 10.1.19] The convolution theorem of Fourier anal-

ysis states that the Fourier transform of a convolution of two functions is the

ordinary product of their Fourier transforms: ̂G1 ⊗G2 = Ĝ1Ĝ2, where G1 and

G2 are two complex valued functions from Fnq to C. Moreover, we have

Ĝ1 ⊗ Ĝ2 = qnĜ1G2. (4)

3. On the Notion of q-ary Plateaued Functions over Fq

This section introduces the notion of q-ary plateaued functions over Fq. We

firstly recall that the notion of q-ary bent functions.

In 1997, the notion of bent functions was redefined in [5] for any finite field Fq
(where q = pm for a prime p and an integer m > 1) as follows. A function f

from Fnq to Fq is called q-ary bent if |χ̂f (ω)|2 = qn for all ω ∈ Fnq . Now, we will

redefine the notion of plateaued functions for any finite field Fq. Notice that

these notions rely on the concept of the Walsh-Hadamard transform in terms of

canonical additive character of Fq, given in (2).

Definition 1. Let f be a function from Fnq to Fq. Then, f is called q-ary

plateaued if its absolute Walsh-Hadamard transform takes at most one nonzero

value of µ, which is called the amplitude of the q-ary plateaued functions.

For any n-variable q-ary plateaued function, there exists a nonzero value of

µ such that µ2 = qr where r ≥ n since NS ≤ qn. Then a squared absolute

Walsh-Hadamard transform of q-ary plateaued function is divisible by qn, and

hence, there exists an integer s with 0 ≤ s ≤ n such that µ2 = qn+s. Hence,
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we say that f is q-ary s-plateaued (or, q-ary plateaued of the amplitude µ) if

|χ̂f (ω)|2 ∈ {0, µ2} for all ω ∈ Fnq .

By MAGMA in [11], we have obtained several q-ary plateaued functions, which

show their existence for prime power q.

Example 1. Let q = 4 and n = 3. Tr4
3

4 (ξ2x + ξx3) is a 4-ary 0-plateaued

function, and Tr4
3

4 (ξ3x3) is a 4-ary 1-plateaued function, where F?43 = 〈ξ〉 with

ξ3 + ξ2 + ξ + ψ2 = 0 for F?22 = 〈ψ〉.

The multiplicity of absolute Walsh coefficient of q-ary plateaued functions can

be given by the Parseval identity (see in [13] for the p-ary case).

Lemma 1. Let f : Fnq → Fq be s-plateaued where s is an integer with 0 ≤ s ≤ n.

Then for ω ∈ Fnq , |χ̂f (ω)|2 takes qn−s times the value qn+s and qn− qn−s times

the value 0.

Proof. Recall that NS denotes the size of the Walsh support {ω ∈ Fnq :

|χ̂f (ω)|2 = qn+s} of s-plateaued f . Then,
∑
ω∈Fn

q
|χ̂f (ω)|2 = NSqn+s and

hence, NS = qn−s by the Parseval identity. Since #Fnq = qn, then we have

#{ω ∈ Fnq : |χ̂f (ω)|2 = 0} = qn − qn−s. Hence, the result now follows. 2

The following natural consequence can be given for q-ary functions.

Remark 1. A function f is q-ary bent, if and only if, f is q-ary 0-plateaued.

This follows from the Parseval identity, (which implies that q-ary plateaued is

q-ary bent, if and only if, its absolute Walsh-Hadamard transform never takes

the value 0).

In [5], by choosing an m-dimensional basis of Fq, a q-ary bent function from Fnq
to Fq is equivalent to a vectorial p-ary bent function from Fmnp to Fmp , where

q = pm for any prime p and a positive integer m. On the other hand, the

following example shows that there exits a q-ary plateaued function which is

not vectorial p-ary plateaued function for q = 4 and p = 2. Hence, a q-ary

plateaued function from Fnq to Fq with its Walsh-Hadamard transform may not

correspond to a vectorial p-ary plateaued function from Fmnp to Fmp with the
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Walsh-Hadamard transforms of its component functions for some cases. Then

we can say that:

Remark 2. The notion of q-ary plateaued functions is not equivalent to the

one of vectorial p-ary plateaued functions, in general. This is the main reason

of dealing with the notion of q-ary plateaued functions in this paper.

Example 2. Let q = 4 and n = 3 where q = pm for p = 2, m = 2. A function

f(x) = Tr4
3

4 (ξ4x11 + ξ4x7 + ξ5x5) is 4-ary 1-plateaued where F?43 = 〈ξ〉 with

ξ3 + ξ2 + ξ + γ2 = 0 for F?22 = 〈γ〉. However, its component function fγ(x) =

Tr42(γf(x)) is not plateaued function. Hence, f is not vectorial plateaued Boolean

function from F6
2 to F2

2.

Remark 3. We should remark that the following presented characterizations of

q-ary plateaued functions can not be given for vectorial p-ary functions. This is

the other reason of working on q-ary plateaued functions in this paper. Notice

that, by Remark 1, these characterizations are valid for q-ary bent functions.

4. Characterizations of q-ary Plateaued Functions over Fq

This section mainly extends to q-ary case some characterizations of p-ary

plateaued functions given in [4, 16]. We present several characterizations of q-

ary plateaued functions by means of the derivatives, Walsh power moments and

autocorrelation functions. We present these characterizations, although some

of them are interrelated, since they can provide useful information about the

structure of q-ary plateaued functions.

4.1. Characterizations of q-ary Plateaued Functions by Derivatives

In this subsection, we firstly present a strong characterization of q-ary plateaued

functions in terms of the second-order derivatives. To do this, we recall the well

known properties of the Fourier transform of complex valued functions.

Let G : Fnq → C be a function and let Ĝ : Fnq → C be its Fourier transform
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defined as Ĝ(v) =
∑
u∈Fn

q
G(u)χ(v ·u) for all v ∈ Fnq . We have

̂̂
G(u) = qnG(−u)

for all u ∈ Fnq . As is readily seen, G(−u) = 1
qn

∑
v∈Fn

q
Ĝ(v)χ(v ·u) for all u ∈ Fnq .

Then, we have G(u) = 0 for all u ∈ Fnq , if and only if, Ĝ(v) = 0 for all v ∈ Fnq .

Hence,

G1(u) = G2(u), ∀u ∈ Fnq ⇐⇒ Ĝ1(v) = Ĝ2(v), ∀v ∈ Fnq , (5)

where G1 and G2 are two complex valued functions from Fnq to C.

Theorem 2. Let f : Fnq → Fq. Set θf (x) =
∑
a,b∈Fn

q
χ(DbDaf(x)) for all

x ∈ Fnq . Then, f is q-ary plateaued, if and only if, θf (x) = θ for all x ∈ Fnq .

In other words, there exists an integer s with 0 ≤ s ≤ n such that f is q-ary

s-plateaued, if and only if, θf (x) = qn+s for all x ∈ Fnq . In particular, f is q-ary

bent, if and only if, θf (x) = qn for all x ∈ Fnq .

Proof. For all x ∈ Fnq , θf (x) = θ if and only if for all x ∈ Fnq ,∑
a,b∈Fn

q

χ(f(a+ b− x)− f(a)− f(b)) = θχ(−f(x))

(by the bijective change of variables: a 7→ a − x and b 7→ b − x); equivalently,

for all x ∈ Fnq ∑
a,b∈Fn

q

χf (a)χf (b)χg(x− a− b) = θχf (x),

where g(y) := f(−y) for all y ∈ Fnq . Equivalently, using the convolution product

in (3), for all x ∈ Fnq

(χf ⊗ χf ⊗ χg) (x) = θχf (x). (6)

By (4), the Fourier transform of left-hand side of (6) is equal to χ̂f (ω) χ̂f (ω)χ̂g(ω)

for all ω ∈ Fnq . Notice that for all ω ∈ Fnq ,

χ̂f (ω) =
∑
x∈Fn

q

χf (x)χ(ω · x) =
∑
x∈Fn

q

χf (x)χ(−ω · x) = χ̂f (−ω)

and χ̂g(ω) = χ̂f (−ω). According to the bijectivity of the Fourier transform in

(5), for all x ∈ Fnq , (6) holds if and only if for all ω ∈ Fnq

χ̂f (ω) χ̂f (ω)χ̂f (ω) = θχ̂f (ω).
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Therefore, θf (x) = θ for all x ∈ Fnq if and only if |χ̂f (ω)|2 ∈ {0, θ} for all ω ∈ Fnq ,

that is, f is q-ary plateaued where θ = qn+s. In particular, for s = 0, θf (x) = qn

for all x ∈ Fnq if and only if |χ̂f (ω)|2 = qn for all ω ∈ Fnq by the Parseval identity,

that is, f is q-ary bent. 2

Notice that Theorem 2 can be proven without using the convolution product

(see the proof of [16, Theorem 3] for the p-ary case). The following results can

be readily derived from Theorem 2.

Corollary 1. Let f : Fnq → Fq be s-plateaued. Then,
∑
x∈Fn

q
θf (x) = q2n+s.

Corollary 2. Let f : Fnq → Fq. Set S2(f) =
∑
ω∈Fn

q
|χ̂f (ω)|4. Then, f is q-ary

plateaued, if and only if, for all x ∈ Fnq ,

S2(f) = q2nθf (x). (7)

Proof. Assume that f is q-ary s-plateaued. Then S2(f) = q3n+s by Lemma 1,

and θf (x) = qn+s for all x ∈ Fnq by Theorem 2. Hence, (7) holds for all x ∈ Fnq .

Conversely, assume that (7) holds for all x ∈ Fnq , that is, θf (x) = θ is constant

for all x ∈ Fnq where θ = q−2nS2(f). Thus, by Theorem 2, f is q-ary plateaued.

2

The following observation shows that the characterizations of q-ary plateaued

functions by means of the second-order derivatives can be given by the first-order

derivatives, which makes easier to check the plateaued-ness of q-ary functions.

Proposition 1. Let f : Fnq → Fq. For all v ∈ Fq, #{(a, b) ∈ (Fnq )2 : DbDaf(x) =

v} = #{(a, b) ∈ (Fnq )2 : Daf(b)−Daf(x) = v} for all x ∈ Fnq .

Proof. For each x ∈ Fnq , by the (bijective) change of variable: b 7→ b−x, we have

DbDaf(x) = Db−xDaf(x) = f(b+a)−f(b)−f(x+a)+f(x) = Daf(b)−Daf(x)

for all a, b ∈ Fnq . This completes the proof. 2

4.2. Characterizations of q-ary Plateaued Functions by Walsh Power Moments

This subsection presents several characterizations of q-ary plateaued func-

tions by means of the even power moments of Walsh-Hadamard transform. We
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firstly introduce the following useful tools to characterize q-ary plateaued func-

tions. For every nonnegative integers i and A, we have∑
ω∈Fn

q

(
|χ̂f (ω)|2 −A

)2
|χ̂f (ω)|2i = Si+2(f)− 2ASi+1(f) +A2Si(f) ≥ 0. (8)

For a positive integer i, there exists a positive integer A such that

Si(f)A2 − 2Si+1(f)A+ Si+2(f) = 0 (9)

if and only if f is q-ary plateaued of amplitude µ where A = µ2. To exhibit a

link between the Walsh power moments of q-ary plateaued functions, we shall

consider some particular values of i in (8). More precisely, let A = qn+s for an

integer s with 1 ≤ s ≤ n and i = 1, then f is q-ary s-plateaued if and only if

S3(f) = 2qn+sS2(f)− q4n+2s, and for i = 2, then f is q-ary s-plateaued if and

only if S4(f) = 2qn+sS3(f)− q2n+2sS2(f). Notice that we have S3(f) ≥ q4n+2s

if S2(f) ≥ q3n+s, with equality, then S4(f) ≥ q5n+3s.

We can give the following more general equation than (8). For every nonnegative

integers A, i and j, we have∑
ω∈Fn

q

(
|χ̂f (ω)|2 −A

)2j
|χ̂f (ω)|2i ≥ 0. (10)

We consider some special values of i, j and A in (10). For A = qn and i = 0, j ≥

1, f is q-ary bent if and only if the inequality (10) is an equality. Moreover,

for s ≥ 1, A = qn+s, i ≥ 1 and j ≥ 1, f is q-ary s-plateaued if and only if the

inequality (10) becomes an equality.

The sequence of the Walsh power moments of q-ary plateaued functions is a

simple geometric sequence.

Theorem 3. Let f : Fnq → Fq be q-ary s-plateaued where s is an integer with

0 ≤ s ≤ n. Then for all an integer i ≥ 1,

Si(f) =
∑
ω∈Fn

q

|χ̂f (ω)|2i = qn(i+1)+s(i−1).

Moreover, we have Si(f)Sj(f) = Si+1(f)Sj−1(f) for all integers i ≥ 1, j ≥ 2.
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Proof. By Lemma 1, for a positive integer i, we have Si(f) = qn−s(qn+s)i =

qn(i+1)+s(i−1). Readily, the followings

Si(f)Sj(f) = qn(i+1)+s(i−1)qn(j+1)+s(j−1) = qn(i+j+2)+s(i+j−2) and

Si+1(f)Sj−1(f) = qn(i+2)+siqnj+s(j−2) = qn(i+j+2)+s(i+j−2)

are equal for all i ≥ 1 and j ≥ 2. Hence, the result follows. 2

We now recall the following well known inequality to present next results.

Theorem 4 (Hölder’s Inequality). [18] Let p1, p2 ∈ (1,∞) with 1
p1

+ 1
p2

= 1.

Then, for all vectors (x1, x2, . . . , xm), (y1, y2, . . . , ym) ∈ Rm or Cm,

m∑
k=1

|xkyk| ≤

(
m∑
k=1

|xk|p1
) 1

p1
(

m∑
k=1

|yk|p2
) 1

p2

,

where the equality holds, if and only if, for all k ∈ {1, . . . ,m}, there exists a

nonnegative number c such that |xk|p1 = c|yk|p2 . If p1 = p2 = 2, then the above

inequality is reduced to the Cauchy-Schwarz Inequality.

The Cauchy-Schwarz Inequality gives the following inequality, and its equality

case yields the characterization of q-ary plateaued functions.

Theorem 5. Let f : Fnq → Fq. Then for all integer i ≥ 1, Si+1(f)2 ≤

Si+2(f)Si(f), with equality for at least one i ≥ 1, if and only if, f is q-ary

plateaued.

Proof. By Theorem 4, for xk = |χ̂f (ω)|i and yk = |χ̂f (ω)|i+2 for all ω ∈ Fnq ,

then we have∑
ω∈Fn

q

|χ̂f (ω)|2i+2

2

≤
∑
ω∈Fn

q

|χ̂f (ω)|2i
∑
ω∈Fn

q

|χ̂f (ω)|2i+4,

that is, Si+1(f)2 ≤ Si(f)Si+2(f) for i ≥ 1, where the equality holds for at least

one i ≥ 1 if and only if for all ω ∈ Fnq , |χ̂f (ω)|2i = c |χ̂f (ω)|2i+4 for nonnegative

c, equivalently, |χ̂f (ω)| is constant (also possibly the value 0), i.e., f is q-ary

plateaued. 2
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Remark 4. Notice that Theorem 5 can be also derived from (9). The reduced

discriminant of (9), Si+1(f)2 − Si+2(f)Si(f) ≤ 0, with equality if and only if f

is q-ary plateaued.

The plateaued-ness of q-ary functions can be checked by using only the values

of fourth and sixth Walsh power moments.

Theorem 6. Let f : Fnq → Fq and s be an integer with 1 ≤ s ≤ n. Then, f is

q-ary s-plateaued, if and only if, S2(f) = q3n+s and S3(f) = q4n+2s. Moreover,

f is q-ary plateaued, if and only if, S2(f)2 = q2nS3(f).

Proof. Assume that f is q-ary s-plateaued. Then, the necessity directly follows

from Theorem 3. Conversely, by (8) with A = qn+s at i = 1, we have∑
ω∈Fn

q

(
|χ̂f (ω)|2 − qn+s

)2
|χ̂f (ω)|2 = S3(f)− 2qn+sS2(f) + q2n+2sS1(f) = 0,

where we used the Parseval identity. Hence, |χ̂f (ω)|2 ∈ {0, qn+s} for all ω ∈

Fnq , i.e., f is q-ary s-plateaued. Moreover, the second statement follows from

Theorem 5 for i = 1 and the Parseval identity. 2

More precisely, as in the proof of Theorem 5, applying the Cauchy-Schwarz

Inequality for xk = |χ̂f (ω)| and yk = |χ̂f (ω)|2i+1 for all ω ∈ Fnq , we have

Si+1(f)2 ≤ S1(f)S2i+1(f) for i ≥ 1, where the equality holds for at least one

i ≥ 1 if and only if |χ̂f (ω)|2 is constant (with also possibly the value 0), i.e., f

is q-ary plateaued. Hence we can give the following theorem.

Theorem 7. Let f : Fnq → Fq. Then for all integer i ≥ 1, we have

Si+1(f)2 ≤ q2nS2i+1(f),

with an equality for at least one i ≥ 1, if and only if, f is q-ary plateaued.

We can derive from Theorems 3 and 7 the following one, which is more general

case of Theorem 6.

Corollary 3. Let f : Fnq → Fq and s be an integer with 1 ≤ s ≤ n. Then for

any positive integer i, Si+1(f) = qn(i+2)+si and S2i+1(f) = qn(2i+2)+2is, if and

only if, f is q-ary s-plateaued.
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By Theorem 2, the following characterization can be given by considering the

well known fact that a function is constant, if and only if, its Fourier transform

is zero at any nonzero input.

Theorem 8. Let f : Fnq → Fq. Then f is q-ary plateaued, if and only if, for

all α ∈ Fnq \ {0}, ∑
ω∈Fn

q

χ̂f (α+ ω)χ̂f (ω) |χ̂f (ω)|2 = 0. (11)

Proof. For all α ∈ Fnq \ {0}, the left-hand side of (11) is∑
x,a,b,c∈Fn

q

χ(f(x)− f(a) + f(b)− f(c)− α · x)
∑
ω∈Fn

q

χ(ω · (x− a+ b− c))

= qn
∑

x,a,b∈Fn
q

χ(f(x)− f(a) + f(b)− f(x− a+ b)− α · x),

where we used the fact that
∑
ω∈Fn

q
χ(−ω·(x−a+b−c)) =

 qn if c = x− a+ b,

0 otherwise.

Hence, since (x, a, b) 7→ (x, x+ a, x+ a+ b) is a permutation of (Fnq )3, it equals

qn
∑
x∈Fn

q

∑
a,b∈Fn

q

χ(DbDaf(x))χ(α · x),

which is the Fourier transform at α ∈ Fnq \ {0} of x 7→ qn
∑
a,b∈Fn

q
χ(DbDaf(x))

for x ∈ Fnq . Hence, thanks to the well known fact that a function is constant, if

and only if, its Fourier transform vanishes at any nonzero input, (11) holds for

all α ∈ Fnq \ {0}, if and only if, f is q-ary plateaued by Theorem 2. 2

Theorem 8 yields the following characterization of q-ary plateaued functions.

Corollary 4. Let f : Fnq → Fq. Set ψf (x) =
∑
ω∈Fn

q
χ(f(x)−ω·x)χ̂f (ω)|χ̂f (ω)|2

for all x ∈ Fnq and S2(f) =
∑
ω∈Fn

q
|χ̂f (ω)|4. Then, f is q-ary plateaued, if and

only if, for all x ∈ Fnq

S2(f) = qnψf (x). (12)

Proof. Assume that f is q-ary plateaued of amplitude µ, that is, |χ̂f (ω)|2 ∈

13



{0, µ2} for all ω ∈ Fnq . Then, for all x ∈ Fnq ,

ψf (x) = µ2
∑
ω∈Fn

q

χ(f(x)− ω · x)χ̂f (ω)

= µ2
∑
y∈Fn

q

χ(f(x)− f(y))
∑
ω∈Fn

q

χ(ω · (y − x)) = qnµ2

since
∑
ω∈Fn

q
χ(ω · (y − x)) is null if y − x 6= 0. By Theorem 3, S2(f) = q2nµ2.

Hence, the assertion holds.

Conversely, assume that (12) holds, that is, ψf is a constant function for all

x ∈ Fnq . Then the Fourier transform of ψf is null at any α ∈ Fnq \ {0}, that is,

ψ̂f (α) =
∑
ω∈Fn

q

∑
x∈Fn

q

χ(f(x)− x · (α+ ω))χ̂f (ω) |χ̂f (ω)|2

=
∑
ω∈Fn

q

χ̂f (α+ ω)χ̂f (ω) |χ̂f (ω)|2 = 0.

Hence, by Theorem 8, f is q-ary plateaued. 2

We can easily give the following link between the Walsh transform and second-

order derivative.

Proposition 2. Let f : Fnq → Fq. Then, for all x ∈ Fnq ,∑
ω∈Fn

q

χ(f(x)− ω · x)χ̂f (ω) |χ̂f (ω)|2 = qn
∑
a,b∈Fn

q

χ(DaDbf(x)). (13)

Proof. By definition χ̂f , for all x ∈ Fnq , the left-hand side of (13) is∑
a,b,c∈Fn

q

χ(f(x)− f(a)− f(b) + f(c))
∑
ω∈Fn

q

χ(ω · (a+ b− c− x))

= qn
∑
a,b∈Fn

q

χ(f(x)− f(a)− f(b) + f(a+ b− x)) = qn
∑
a,b∈Fn

q

χ(DaDbf(x))

where we used that
∑
ω∈Fn

q
χ(ω · (x − a − b + c)) is null if c 6= a + b − x in the

first equality, and (a, b, x) 7→ (a + x, b + x, x) is a permutation of (Fnq )3 in the

last equality. The result now follows. 2

By Proposition 2, the characterizations of q-ary plateaued functions, given in

Corollaries 2 and 4, are equivalent. From Theorem 2 and Proposition 2, the

following characterization of q-ary plateaued functions can be directly derived.
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Corollary 5. Let f : Fnq → Fq and s be an integer with 1 ≤ s ≤ n. Then, f is

q-ary s-plateaued, if and only if, for all x ∈ Fnq∑
ω∈Fn

q

χ(f(x)− ω · x)χ̂f (ω) |χ̂f (ω)|2 = q2n+s.

4.3. Characterizations of Plateaued Functions by Autocorrelation Functions

We in the present subsection characterize q-ary plateaued functions in terms

of the autocorrelation functions. To do this, we make use of the definition of

plateaued functions.

According to the definition of plateaued functions, f is q-ary plateaued of ampli-

tude µ, if and only if, the two functions |χ̂f |4 and µ2|χ̂f |2 are equal; equivalently

by (5), their Fourier transforms are equal. We first compute the Fourier trans-

form of function

|χ̂f (b)|2 =
∑

x,y∈Fn
p

χ(f(x)− f(y)− b · (x− y))

for b ∈ Fnq , then for a ∈ Fnq

̂|χ̂f (a)|2 =
∑
x∈Fn

q

∑
y∈Fn

q

χ(f(x)− f(y))
∑
b∈Fn

q

χ(b · (x+ a− y)) = qn∆f (a)

since
∑
b∈Fn

q
χ(b · (x+ a− y)) is null if y 6= x+ a. Hence, by using this and (4),

the Fourier transform of |χ̂f |4 is computed as follows:

̂|χ̂f |2|χ̂f |2 = q−n
(
|̂χ̂f |2 ⊗ |̂χ̂f |2

)
= qn

(
∆f ⊗∆f

)
. (14)

Notice that, as is easily seen, for all a ∈ Fnq ,

∆f (a) =
∑
x∈Fn

q

χ(f(x+ a)− f(x)) =
∑
x∈Fn

q

χ(f(x)− f(x+ a)) = ∆f (−a), (15)

where in the last step we used the (bijective) change of variable: x 7→ x − a.

Then we conclude:

Theorem 9. Let f : Fnq → Fq. Then, f is q-ary plateaued of amplitude µ, if

and only if, for all x ∈ Fnq∑
a∈Fn

q

∆f (a)∆f (x− a) = µ2∆f (x).
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Proof. As we said above, f is q-ary plateaued of amplitude µ, if and only if,

|χ̂f |4 and µ2|χ̂f |2 are equal; equivalently by (5), ∆f ⊗∆f = µ2∆f ; equivalently

by (15), (∆f ⊗∆f )(x) = µ2∆f (x) for all x ∈ Fnq . Hence, the proof is complete

by (3). 2

To give the next characterization, we first compute the Fourier transform of

|χ̂f |6, by (4) and (14), we have

̂|χ̂f |2|χ̂f |4 = q−n
(
|̂χ̂f |2 ⊗ |̂χ̂f |4

)
= qn

(
∆f ⊗∆f ⊗∆f

)
.

Then, we say that f is plateaued of µ, if and only if, |χ̂f |6 and µ2|χ̂f |4 are equal,

by (5) their Fourier transforms are equal, that is, ∆f ⊗∆f ⊗∆f = µ2∆f ⊗∆f .

Hence we deduce:

Theorem 10. Let f : Fnq → Fq. Then, f is q-ary plateaued of amplitude µ, if

and only if, for all x ∈ Fnq∑
a,b∈Fn

q

∆f (a)∆f (b)∆f (x− a− b) = µ2
∑
c∈Fn

q

∆f (c)∆f (x− c).

5. Conclusion

Plateaued functions have important applications in the sequence theory,

combinatoric and cryptography because of their desirable characteristics. The

paper studies q-ary plateaued functions over Fq. We firstly redefined the notion

of q-ary plateaued functions. Then, it was highlighted that q-ary bent functions

are q-ary plateaued functions. We next presented several explicit characteriza-

tions of q-ary plateaued functions in terms of the second-order derivatives, the

moments of the Walsh transforms and the autocorrelation functions.
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