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Abstract — We treat the problem of bounding com-
ponents of the possible distance distributions of codes
given the knowledge of their size and possibly mini-
mum distance. Using the Beckner inequality from
Harmonic Analysis we derive upper bounds on dis-
tance distribution components which are sometimes
better than earlier ones due to Ashikhmin, Barg and
Litsyn. We use an alternative approach to derive up-
per bounds on distance distributions in linear codes.
As an application of the suggested estimates we get
an upper bound on the undetected error probability
for an arbitrary code of given size. We also use the
new bounds to derive better upper estimates on the
covering radius, as well as a lower bound on the error-
probability threshold, as a function of the code’s size
and minimum distance.

Let F™ be the space of binary vectors of length n endowed
with the Hamming metric d(-,-), for x = (21,...,Zn),y =
(y1,--»Yn), X,y € F*, d(x,y) = [{¢ : ©; # yi}|. Let the (Ham-
ming) weight of x € F™ be wt(x) = |[{i : z; = 1}|, i.e. the
number of ones in x. Let B(x,r) C F™ stand for the ball of
radius r centered at x, V(r) = Y| _, ( ) belng its volume.
Let C C F" be a code of rate R(C) = R = +log, |C|. As-
sume that the minimum distance d(C) of the code, d(C) =
d = ming, coec d(er,c2), is d = §(C)n, where § = §(C) is
the code’s relative distance. Denote by B(C) = (Bo(C) =
1,B1(C),...,Bn(C)) the distance distribution of the code,
i.e. Bl(C) = B; = ﬁ |{Cl,02 1 C1,Cy € C;d(01,02) = Z}l .
For ¢ € C let AO( c) = A( ) = |{c1 € C : d(c,c1) = i}
Notice that B; = 7 CI Y ecc Ai(c). Whenever we deal with a
linear code (i.e. a code closed under component-wise mod-
ulo 2 sum) then for every ¢ € C we have A;(c) = B;. We
will also be using the exponents bs(C) of B|¢pn)(C), namely,
be(C) =be = %10g2 B¢n)-

Problem statement: Given R, §, and &, such that 0 < R <
1,0<86<1/2, and § <& <1, we wish to estimate

be(R,0) :== hmsupmaxbg(C) (1)

n—r o0

where the mazimum is taken over all codes C of length n, rate
at most R and minimum distance at least dn.
The main inequality we prove is

Theorem 1 For any code C of length n, minimum distance
d, and parameters p € [0,1/2], g € [0, §], g being an integer,
the following inequality holds:

i B; i h(i, Dp'(1—p)" ™' <
i=0 =0

< (V@A™ (n,d, < g)) ™7 ('2(’;') ,
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where h(i, £) =

{(u1,u2) : wi € B(0", 9),uz € B(1'0" ™", g) : d(u1,u2) = £}.

Corollary 1 With the above notation, for any p € [0,1/2],

andOS'y<'yE::%—%\/1—26,
o\ 5
: n— l< _P |_ .
§OjB§jh(ze>p P VT ()t (2,,

Here o is a non-negative constant depending on . o

This yields the following bound on distance components.

Theorem 2 If0< R<1, and

0<p<1-2¢/(1—R)In2+In2—-RIn2,

then b, (R) <

*

p -
(= R)

<- —plogp™ — (1—p)log(1—p")+o(1), (2)

where p* =

% (1 4p—2+RIn2—/—dp+ (1 +p—In2 +Rln2)2) .
Otherwise, the trivial bound holds:

bu(R) < R .
The same bounds are valid also for bi_,(R).

The results can be applied to the problem of estimation of
undetected error probability.

Theorem 3 Every code C used on a BSC channel with tran-
sition probability p € [0, 3] satisfies:

i
Pue(C,P) < (l“z%') ’

In the case of linear codes we use an alternative approach.

-(1=p"

Theorem 4 The distance distribution of a linear code C is
bounded from above as follows

ming<a<1 {aRH (3 (a)) +(1- a)R} )
if B (@) > 2p;

R, otherwise.

by (R,8) <

3)
where B*(a) is the root of the equation
lI-—a)R _ . (3

—5 = R (ﬂ) . (4)



