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ABSTRACT. Consider a N X n random matrix Y, = (YZ’;) where the entries are given
by Y = %\/HJ/H)XZ’ the X% being centered i.i.d. and o : [0, 1]?2 — [0,00) being a
continuous function called a variance profile. Consider now a deterministic N X n matrix
A, = (AZ) whose off-diagonal entries are zero. Denote by ¥, the non-centered matrix

Y, +An and by N An = min(N,n). Then under the assumption that limp— oo % =c>0

and
1 NAn
s, — H(dz,d)\),
NM; (ke (Ap)?) e H (@)

where H is a probability measure, it is proven that the empirical distribution of the
eigenvalues of EnEE converges almost surely in distribution to a non-random probability
measure. This measure is characterized in terms of its Stieltjes transform, which is ob-
tained with the help of an auxiliary system of equations. This kind of results is of interest
in the field of wireless communication.

REsUME. Soit Yn = (Y;?) une matrice N x n dont les entrées sont données par Y} =

MX-”-, les X7 étant des variables aléatoires centrées, i.i.d. et ot o : [0,1]2 —
Vn ¥ x]

[0, 00) est une fonction continue qu’on appelera profil de variance. Considérons une ma-

trice déterministe A, = (AZ) de dimensions N X n dont les éléments non diagonaux

sont nuls. Appelons X, la matrice non centrée définie par ¥, = Y, + A, et notons
N An =min(N,n). Sous les hypotheses que limy,— oo % =c> 0 et que
1 NAn
N 2 (o (ag)?) 7o H N,

=1
ou H est une probabilité, on démontre que la mesure empirique des valeurs propres de
EnEZ converge presque slirement vers une mesure de probabilité déterministe. Cette
mesure est caractérisée par sa transformée de Stieltjes, qui s’obtient a I’aide d’un systeme
auxiliaire d’équations. Ce type de résultats présente un intérét dans le domaine des
communications numériques sans fil.

Key words and phrases: Random Matrix, empirical distribution of the eigenvalues, Stielt-
jes transform.
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1. INTRODUCTION

Consider a N x n random matrix Y, = (V}}

2URAIDP

) where the entries are given by

Yy = (L1)
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where o : [0,1] x [0,1] — [0,00) is a continuous function called a variance profile and the
random variables X% are real, centered, independent and identically distributed (ii.d.) with
finite 4 + ¢ moment. Consider a real deterministic N x n matrix A, = (A};) whose off-
diagonal entries are zero and let ¥, be the matrix ¥, = Y, + A,,. This model has two
interesting features: The random variables are independent but not i.i.d. since the variance
may vary and A,,, the centering perturbation of Y,,, though (pseudo) diagonal can be of full
rank. The purpose of this article is to study the convergence of the empirical distribution
of the eigenvalues of the Gram random matrix 3, %1 (32 being the transpose of ¥,,) when
n — +o0o and N — 400 in such a way that %—>c,0<c<+oo.

The asymptotics of the spectrum of N x N Gram random matrices Z,Z. have been
widely studied in the case where Z,, is centered (see Marcenko and Pastur [15], Yin [23],
Silverstein et al. [17, 18], Girko [7, 8], Khorunzhy et al. [13], Boutet de Monvel et al. [3],
etc.). For an overview on asymptotic spectral properties of random matrices, see Bai [1].
The case of a Gram matrix Z,Z1 where Z,, is non-centered has comparatively received less
attention. Let us mention Girko ([8], chapter 7) where a general study is carried out for
the matrix Z,, = (W,, + A,,) where W,, has a given variance profile and A, is determin-
istic. In [8], it is proved that the entries of the resolvent (Z,ZI — 2I)~! have the same
asymptotic behaviour as the entries of a certain deterministic holomorphic N x N matrix
valued function T,,(z). This matrix-valued function is characterized by a nonlinear system of
(n+ N) coupled functional equations (see also [10]). Using different methods, Brent Dozier
and Silverstein [6] study the eigenvalue asymptotics of the matrix (R, + X,)(R, + X,)7
in the case where the matrices X,, and R,, are independent random matrices, X,, has i.i.d.
entries and the empirical distribution of R, Rl converges to a non-random distribution. It
is proved there that the eigenvalue distribution of (R, + X,,)(R, + X,,)T converges almost
surely towards a deterministic distribution whose Stieltjes transform is uniquely defined by
a certain functional equation.

As in [6], the model studied in this article, i.e. X, =Y, + A,, is a particular case of
the general case studied in ([8], chapter 7, equation K7) for which there exists a limiting
distribution for the empirical distribution of the eigenvalues. Since the centering term A,, is
pseudo-diagonal, the proof of the convergence of the empirical distribution of the eigenvalues
is based on a direct analysis of the diagonal entries of the resolvent (3, %I — 2I)~!. This
analysis leads in a natural way to the equations characterizing the Stieltjes transform of the
limiting probability distribution of the eigenvalues.

In the Wigner case with a variance profile, that is when matrix Y,, and the variance
profile are symmetric (such matrices are also called band matrices), the limiting behaviour
of the empirical distribution of the eigenvalues has been studied by Shlyakhtenko [16] in the
gaussian case (see Section 3.4 for more details).

Recently, many of these results have been applied to the field of Signal Processing and
Communication Systems and some new ones have been developed for that purpose (Silver-
stein and Combettes [19], Tse et al. [20, 21], Debbah et al. [5], Li et al. [14], etc.). The
issue addressed in this paper is mainly motivated by the performance analysis of multiple-
input multiple-output (MIMO) digital communication systems. In MIMO systems with n
transmit antennas and N receive antennas, one can model the communication channel by a
N xn matrix H,, = (HZ) where the entries H;: represent the complex gain between transmit

antenna i and receive antenna j. The statistics C,, = L log det(I,, + H’;’j’:) (where H is the

hermitian adjoint and o2 represents the variance of an additive noise corrupting the received
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signals) is a popular performance analysis index since it has been shown in information the-
ory that C,, is the mutual information, that is the maximum number of bits per channel use
and per antenna that can be transmitted reliably in a MIMO system with channel matrix
H,,. Since

1 Y "
Cpo=-5"1 (1 —’“),

where (ui)1<k<n are the eigenvalues of H, H}, the empirical distribution of the eigenvalues
of H, H: gives direct information on C,, (see Tulino and Verdu [22] for an exhaustive review
of recent results). For wireless systems, matrix H, is often modelled as a zero-mean Gaussian
random matrix and several articles have recently been devoted to the study of the impact
of the channel statistics (via the eigenvalues of H, H}) on the probability distribution of C,,
(Chuah et al. [4], Goldsmith et al. [9], see also [22] and the references therein). Of particular
interest is also the channel matrix H, = Fy(Y,, + A,)F! where F, = (F})1<pq<k is the
Fourier matrix (i.e. Ff = k2 exp(QiW%k(q*l))) and the matrix Y, is given by (1.1) (see
[22], p. 139 for more details). The matrices H,, and %,, having the same singular values, we
will focus on the study of the empirical distribution of the singular values of ¥,,. Moreover, we
will focus on matrices with real entries since the complex case is a straightforward extension.

In the sequel, we will study simultaneously quantities (Stieltjes kernels) related to the
Stieltjes transforms of ¥,%1 and XI'Y,. Even if the Stieltjes transforms of ¥, %I and
¥Ty,, are related in an obvious way, the corresponding Stieltjes kernels are not, as we shall
see. We will prove that if N/n —c> 0 (since we study at the same time 3,21 and

¥T'y,,, we assume without loss of generality that ¢ < 1) and if there exists a probability
measure H on [0,1] x R with compact support H such that

N

1 D

— oy, —— H(dz,d\

N ; (%7(1\2)2) n—o0 ( )
where D stands for convergence in distribution, then almost surely, the empirical distribution
of the eigenvalues of the random matrix 3, %% (resp. ¥13,,) converges in distribution to a
deterministic probability distribution P (resp. P). The probability distributions P and P are
characterized in terms of their Stieltjes transform

f(z):/]R P(dz) and f(z):/]R P(dz) Im(z) # 0.

rx—2’

as follows. Consider the following system of equations

g(u, \)
gdm, — / . H(du, d))
/ —2(1+ [ 02(u, )d72) + TroT oo amans

_ g(cu, \)
dr, = c/ H(du,d\
/g —2(L+ e[ o?( cu)dms) + roataan i

! 9(u,0)
+(1 - C)/C Ut el Cuwdn) "

where the unknown parameters are the complex measures 7, and 7, and where g : H —
R is a continuous test function. Then, this system admits a unique pair of solutions
(mz(dx,dN), 7. (dz,d))). In particular, 7, is absolutely continuous with respect to H while
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7. is not (see Section 2 for more details). The Stieltjes transforms f and f are then given
by

f(z):/[OJ]XRwZ(dx,d)\) and f(z):/[OJ]XRﬁZ(dx,dA),

The article is organized as follows. In Section 2, the notations and the assumptions are
introduced and the main result (Theorem 2.3) is stated. Section 3 is devoted to corollaries
and remarks. Section 4 is devoted to the proof of Theorem 2.3.

Acknowlegment. We thank Alice Guionnet who first drew our attention to Shlyakhtenko’s
work. We also thank Florent Benaych-Georges for useful discussions and the referee for
several remarks which improved the presentation of this article.

2. CONVERGENCE OF THE STIELTJES TRANSFORM

2.1. Notations and Assumptions. Let N = N(n) be a sequence of integers such that
N(n)

lim =c
n—oo n

Consider a N x n random matrix Y,, where the entries are given by
o(i/N,j/n)

ij \/ﬁ

X
where Xi”j and o are defined below.

Assumption A-1. The random variables (XZ’; ; 1<i< N, 1<j<mn,n>1) are redl,

independent and identically distributed. They are centered with IE(X{;)Q =1 and satisfy:

Fe>0, E[X][* < oo.

where E denotes the expectation.

Remark 2.1. Using truncation arguments a la Bai and Silverstein [2, 17, 18], one may improve
Assumption (A-1).

Assumption A-2. The real function o : [0,1] x [0,1] — R is such that o? is continuous.
Therefore there exists a nonnegative constant omax such that

Y(z,y) €[0,1]%, 0<o*(z,y) <02, < oo. (2.1)

max

Remark 2.2. The function ¢ can vanish on portions of the domain [0, 1]2.

Denote by var(Z) the variance of the random variable Z. Since var(Y;?) = o*(i/N, j/n)/n,
the function o will be called a variance profile. Denote by 4, ( dz) the dirac measure at point
20. The indicator function of A is denoted by 14(x). Denote by Cy(X) (resp. Cy(X;C))
the set of real (resp. complex) continuous and bounded functions over the topological set X
and by || fllco = sup,ecx |f(2)], the supremum norm. If X is compact, we simply write C(X)

(resp. C(X;C))) instead of Cp(X) (resp. Cp(X;C))). We denote by L, the convergence in
distribution for probability measures and by — the weak convergence for bounded complex
measures.

Consider a real deterministic N x n matrix A, = (A};) whose off-diagonal entries are zero.
We often write A;; instead of Afj We introduce the N x n matrix ¥,, =Y, + A,,.
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For every matrix A, we denote by A7 its transpose, by Tr(A) its trace (if A is square)
and by FA AT, the empirical distribution function of the eigenvalues of A A”. Denote by
diag(a;; 1 < i < k) the k x k diagonal matrix whose diagonal entries are the a;’s. Since we
will study at the same time the limiting spectrum of the matrices ¥, %% and 'Y, we can
assume without loss of generality that ¢ < 1. We also assume for simplicity that N < n.

We assume that:

Assumption A-3. There exists a probability measure H(du,d)) over the set [0,1] X R with
compact support H such that

1 N

H(du,d)) = Zl 5(%7 (a5 (du, d)) ﬁ H(du,d)). (2.2)

Remark 2.3 (The probability measure H). Assumption (A-3) accounts for the presence of
probability measure H (du,d)) in forthcoming equations (2.6) and (2.7). If A% = f (1), then
(A-3) is automatically fulfilled with H(du, d)\) = () (du)dz. This is in particular the case
in Boutet de Monvel et al. [3], Schlyakhtenko [16], Hachem et al. ([11], Theorem 4.2).

Remark 2.4 (The complex case). Assumptions (A-1), (A-2) and (A-3) must be slightly mod-
ified in the complex setting. Related modifications are stated in Section 3.3.

When dealing with vectors, the norm || - || will denote the Euclidean norm. In the case of
matrices, the norm || - || will refer to the spectral norm.

Remark 2.5 (Boundedness of the A;;’s). Due to (A-3), we can assume without loss of gen-
erality that the AlL’s are bounded for n large enough. In fact, suppose not, then by (A-3),

~ Zfil a2, — Hx(dX) whose support is compact and, say, included in [0, K]. Then Port-

manteau’s theorem yields + Zf[ Lo, K44 (AF) — 1 thus
N
#{ii, A}, ¢ [0, K +0]} 1 2
= =1-= 21: Lo, x+5] (A7) —— 0. (2.3)

Denote by A,, = (]\Z) the matrix whose off-diagonal entries are zero and set [\Z = A7 Liar)2<k+s}-
Then it is straightforward to check that < Zfil 5(1 iz )(du,d)\) — H(du,d)\). Moreover,

N %4
if ¥, =Y, + A, then

(@) rank(X —X) ®) #{A;, A% ¢[0, K+0]} (o

where (a) follows from Lemma 3.5 in [23] (see also [18], Section 2), (b) follows from the fact
that for a rectangular matrix A, rank(A) < the number of non-zero entries of A and (c)

||FEZT _ FiiT

INS

0.

follows from (2.3). Therefore, F¥X" converges iff F*" converges. In this case they share
the same limit. Remark 2.5 is proved.

Remark 2.6. [Compacity of the support of H,] Due to Remark 2.5, we will assume in the
sequel that for all n, the support of % > 5(L AZ) is included in a compact set K C [0,1] x R.
N hig

Let CT = {2z € C, Im(2) > 0} and CV = {z € C*, |Re(2)| < Im(2)}.
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2.2. Stieltjes transforms and Stieltjes kernels. Let v be a bounded nonnegative mea-
sure over R. Its Stieltjes transform f is defined by:

f(z)Z/RZ(fAZ), sect.

We list below the main properties of the Stieltjes transforms that will be needed in the
sequel.

Proposition 2.1. The following properties hold true:

(1) Let f be the Stieltjes transform of v, then
- the function f is analytic over CT,
- the function f satisfies: |f(z)| < %,
- if 2 € C" then f(z) € CT,
- if v(—00,0) = 0 then z € CT implies z f(z) € CT.

(2) Conversely, let f be a function analytic over CT such that f(z) € CT if 2 € CT
and |f(2)||[Im(z)| bounded on C*. Then, f is the Stieltjes transform of a bounded
positive measure 1 and p(R) is given by

p(R) = lim —iy f(iy).
y——+oo
If moreover zf(z) € Ct for z € C* then, u(R™) =0.
(3) Let P, and P be probability measures over R and denote by f, and f their Stieltjes
transforms. Then

(Vz € C*, fulz) —— f(z)) = P,—2-P.

n—oo n—oo

Let A be an n x p matrix and let I,, be the n x n identity. The resolvent of AAT is defined
by
Q(z) = (AAT —21,)7 ! = (qij(z))lgi,j,SnV z € C\R.
The following properties are straightforward.

Proposition 2.2. Let Q(z) be the resolvent of AAT, then:
(1) For all z € C*, |Q(2)|| < (Im(2))~!. Similarly, |gi;(2)] < (Im(2))~!.
(2) The function h,(z) = LTr Q(2) is the Stieltjes transform of the empirical distribu-

tion probability associated to the eigenvalues of AAT. Since these eigenvalues are
nonnegative, z h,,(z) € C* for 2 € C*.

(3) Let € be an x 1 vector, then Im (ZEQ(Z)ET) €C™T forze CH.

Denote by M¢(X') the set of complex measures over the topological set X. In the sequel,
we will call Stieltjes kernel every application

p:CH— Mc(X)
either denoted p(z,dz) or u,(dx) and satisfying:
(1) Vg € Cp(X), [ gdu. is analytic over CT,
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(2) Vz € C*, Vg € Cy(X),
llgls

’/ 9| = ()

(3) V2 € CT, Vg € Cy(X) and g > 0 then Im ([ gdp.) > 0,
(4) V2 € CT, Vg € Cy(X) and g > 0 then Im (2 [ gdp.) > 0.

<

Let us introduce the following resolvents:

Qn(z) = (Enzz; - ZIN)_l = (Qij(z))1§¢7j§1vv S C+a
Qn('z) = (Ezzn - ZIn)71 = (Cjij(z)hgi’jgnv S (CJra
and the following empirical measures defined for z € C*
1
L2(du,d)) = ;qii(z) 04 .42, (du, dX), (2.4)
_ 1 X
L2 (du,d)) = — Zl Gii(2) 81 pz)(du, d))
1 n ~
+ (n ‘_%jﬂqu-(z) 0 (du) @ 6o<dA)> Liveny, (2:5)

where ® denotes the product of measures. Since ¢;;(z) (resp. ¢;;(2)) is analytic over CT,
satisfies |g;;(2)| < (Im(2))~! and min (Im(g;;(2)), Im(2q;;:(2))) > 0, L™ (resp. L™) is a Stieltjes
kernel. Recall that due to Remark 2.6, L™ and L™ have supports included in the compact
set K.

Remark 2.7 (on the limiting support of L™). Consider a converging subsequence of L?, then
its limiting support is necessarily included in H.

Remark 2.8 (on the limiting support of IN/"). Denote by H. the image of the probability
measure H under the application (u,\) — (cu, A), by H, its support, by R the support of
the measure 1j.1j(u) du ® do(dN). Let H = H,UR. Notice that H is obviously compact.
Consider a converging subsequence of DZ’, then its limiting support is necessarily included

in M.
2.3. Convergence of the empirical measures L and L.

Theorem 2.3. Assume that Assumptions (A-1), (A-2) and (A-3) hold and consider the
following system of equations

9(u, \)

gdr, = / - H(du,d)\) (2.6)

/ —z(1+4 [ o?(u,t)7(z,dt, dC)) + T 02(t,c);1)7r(z,dt,dg“)
B glcu, \)

gdr, = c/ H(du,d\)

/ —z(14 ¢ [ o2(t, cu)m(z,dt,dC)) + T o-z(u,t)\)fr(z,dt,dg)
1
3 9(u,0)
+( C)/C U+ e o2, uyn(z dt, dc)) 27)

where (2.6) and (2.7) hold for every g € C(H). Then,
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(1) this system admits a unique couple of solutions (m(z,dt,dN), 7 (z,dt,d\)) among the
set of Stieltjes kernels for which the support of measure 7 is included in H and the
support of measure 7, is included in 'H,

(2) the functions f(z) = [ dr, and f(z) = [ d7, are the Stieltjes transforms of proba-
bility measures,

(3) the following convergences hold true:

a.s. VzeCt L' Y- 71

as. YzeCt, L 2 7,

z
n—oo

where L™ and L™ are defined by (2.4) and (2.5).

Remark 2.9 (on the absolute continuity of 7, and 7). Due to (2.6), the complex measure
7, is absolutely continuous with respect to H. However, it is clear from (2.7) that 7, has
an absolutely continuous part with respect to H, (recall that H. is the image of H under
(u,A) = (cu,A)) and an absolutely continuous part with respect to 1. 1j(u)du ® do(dX)
(which is in general singular with respect to H,.). Therefore, it is much more convenient to
work with Stieltjes kernels 7 and 7 rather than with measure densities indexed by z.

Proof of Theorem 2.3 is postponed to Section 4.

Corollary 2.4. Assume that (A-1), (A-2) and (A-3) hold and denote by m and 7T the two
Stieltjes kernels solutions of the coupled equations (2.6) and (2.7). Then the empirical dis-
tribution of the eigenvalues of the matriz ¥, %L converges almost surely to a non-random

probability measure P whose Stieltjes transform f(z) = [+ Ip;(ii) is given by:

() = /H 7. (dz, d)).

Similarly, the empirical distribution of the eigenvalues of the matriz XL, converges almost
surely to a non-random probability measure P whose Stieltjes transform f(z) is given by:

fz) = / #.(dw, d)).

H

Proof of Corollary 2.4. The Stieltjes transform of ¥, %7 is equal to +; Ef\il qi(z) = [ dLZ.
By Theorem 2.3-(3),

as. VzeCt, / dL} —— | dm,. (2.8)

Since [ dm is the Stieltjes transform of a probability measure P by Theorem 2.3-(2), eq. (2.8)

implies that F TaTy converges weakly to P. One can similarly prove that F =T converges
weakly to a probability measure P. O

3. FURTHER RESULTS AND REMARKS

In this section, we present two corollaries of Theorem 2.3. We will discuss the case where
A, = 0 and the case where the variance profile o(x,y) is constant. These results are already
well-known ([3, 6, 7, 8]). We also show how Assumptions (A-1), (A-2) and (A-3) must be
modified in the complex case. Finally, we give some comments on Shlyakhtenko’s result [16].
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3.1. The Centered case.

Corollary 3.1. Assume that (A-1) and (A-2) hold. Then the empirical distribution of the
eigenvalues of the matriz Y,, Y,I' converges a.s. to a non-random probability measure P whose
Stieltjes transform f is given by

12 = /[] 7. (de),

where T, is the unique Stieltjes kernel with support included in [0,1] and satisfying

1
u
vg € C((0, 1)), /gdﬂz :/ -0 —du (3.1)
0 _Z+f0 1+cf0102(r,t)7rz(dm) t

Remark 3.1 (Absolute continuity of the Stieltjes kernel). In this case, one can prove that
7, is absolutely continuous with respect to du, i.e. 7,(du) = k(z,u)du where z — k(z,u) is
analytic and u +— k(z,u) is continuous. Eq. (3.1) becomes

1

Vu € [0,1], V2 € Ct,  k(u,2) = (3.2)

1 o2 (u,t) !
—z + fo I4c [) 02(z,t) k(z,2)dz dt

Eq. (3.2) appears (up to notational differences) in [7] and in [3] in the setting of Gram
matrices based on Gaussian fields. Links between Gram matrices with a variance profile and
Gram matrices based on Gaussian fields are studied in [11].

Proof. Assumption (A-3) is satisfied with A} = 0 and H(du,d\) = du ® do(\) where du
denotes Lebesgue measure on [0,1]. Therefore Theorem 2.3 yields the existence of kernels
7, and 7, satisfying (2.6) and (2.7). It is straightforward to check that in this case 7, and
7, do not depend on variable A. Therefore (2.6) and (2.7) become:

_ g(u) "
/gd”Z - / fz(lJrfaQ(u,t)ﬁ(z,dt))d (3.3)

and

-, g(cu) »
/gdﬂz - /[0’1] —z(1+cf02(t,cu)7r(z,dt))d

e g(u) .
+ )/[c,u —z(1+ ¢ [ o?(t,u)m(z,dt)) d

- g(u) ’
- /[071] —2(1+Cfo*2(t,u)7r(z,dt))d ’ (3.4)

where g € C([0,1]). Replacing [ o?(u,t)7(z,dt) in (3.3) by the expression given by (3.4),
one gets the following equation satisfied by 7, (du):

/ gdm, = / g(gz’)(u D du
_Z+f1+cj‘a ; dt

2(s,t)m(z,ds)
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3.2. The non-centered case with i.i.d. entries.

Corollary 3.2. Assume that (A-1) and (A-2) hold where o(z,y) = o is a constant function.
Assume moreover that %Zf\; 61\?1 — Hx(d\) weakly, where Hy has a compact support.
Then the empirical distribution of the eigenvalues of the matriz X,X1 converges a.s. to a
non-random probability measure P whose Stieltjes transform is given by
fz) = / —z(1+ ca2f(z))J:I—A((ldi)c)a2 + A

1+co? f(z)
Remark 3.2. Eq. (3.5) appears in [G]Xin the case where X,, = 07, + R,, where Z,, and R,, are

assumed to be independent, Z;; = =2, the X;; being i.i.d. and the empirical distribution

(3.5)

of the eigenvalues of R, RL converging to a given probability distribution. Since R, is not
assumed to be diagonal in [6], the results in [6] do not follow from Corollary 3.2.

Proof. We first sort the A%’s. Denote by O, the N x N permutation matrix such that
Opdiag(Ay; 1 < i < N)OT = diag(Ais; 1 < @ < N) where A2, < --- < A%,. Then
0,2, 20T and ¥,,XT have the same eigenvalues. Denote by A, the pseudo-diagonal N xn
matrix whose diagonal entries are the A;; and by O,, the block matrix:

S O, 0
0-[% 0 ]

Then ~
0,2,0F = 0,,(Y,, + A,)OF = 0,Y,0F + A,,.
In particular OnYnOS remains a matrix with i.i.d. entries. Therefore, we can assume without

loss of generality that:
Al < < ARy

In this case, one can prove that the empirical distribution % vazl d;/N,a2, converges. In
fact, denote by Fj(y) = Ha([0,y]) and consider the function
F(z,y) =2 AFa(y), (z,y) €[0,1] xRT.

where A denotes the infemum. Assume that F) is continuous at y, then:

N

1

N Zél/N,Afl([07x] X [anD
i=1

#{i, i/N <z and A} <y}

N
- LN) where A, ={i, i/N <z} and B, =/{i, A} <y}
(@ card(A,)  card(B,)

where (a) follows from the fact that A, N B, is either equal to A, if A, C B, or to B,
if B, C A, due to the fact that the A2 are sorted. The probability measure H associated
to the cumulative distribution function F' readily satisfies (A-3). Theorem 2.3 yields the
existence of kernels 7, and 7, satisfying (2.6) and (2.7). It is straightforward to check that
in this case 7, and 7, do not depend on variable u. Equation (2.6) becomes

/gdﬂz:/ e g(u, ) X H(du,d))
72(].4’0 fﬂ(z,dt,dg))‘Fm
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Let g(u, A) = 1 and denote by f = [ dm, then (2.6) becomes
1

flz)= / =

(=) —z(1+02f(2)) + 2

14+co? f(z)
Denote by f,(z) = LS Gii(z) = 2Te(2TE, —2I) 1. Since f,,(2) = +Tr(8,E7 —21)~! and
fu(z) = LT (TS, — 2I)~! (recall that N < n), we have fu(z) = NG+ (1-2)(-1).

This yields f(z) = ¢f(z) — 1=¢. Replacing f(z) in (3.6) by this expression, we get (3.5). O

z

H(dN) (3.6)

3.3. Statement of the results in the complex case. In the complex setting, Assump-
tions (A-1)-(A-3) must be modified in the following way:

Assumption A-1. The random variables (XZ ; 1<i<N,1<j<n,n>1) are complez,
2 _

independent and identically distributed. They are centered with ]E|XZ =1 and satisfy:
Fe>0, E[X][* < oo.

Assumption A-2. The complex function o : [0,1]x[0,1] — C is such that |o|? is continuous
and therefore there exists a monnegative constant omax such that

V(z,y) € 0,1, 0<|o(@,y)f* < ofu < 0. (3.7)
If A,, is a complex deterministic N x n matrix whose off-diagonal entries are zero, assume
that:

Assumption A-3. There exists a probability measure H(du,d)\) over the set [0, 1] x R with
compact support H such that

1 N

A7

n—oo

) (du,d)\) —2— H(du,d\). (3.8)

In Eq. (2.6) and (2.7), one must replace o by its module |o|. The statements of Theorem
2.3 and Corollary 2.4 are not modified.

3.4. Further remarks. The problem of studying the convergence of the empirical distri-
bution of 3,,XI" could have been addressed differently. In particular, one could have more
relied on Shlyakhtenko’s ideas [16]. We give some details in this section. We also take this
opportunity to thank the referee whose remarks led to this section.

An extension of Shlyakhtenko’s results. In [16], Shlyakhtenko describes the spectral dis-
tribution of the n x n matrix M,, = A,, + A,, where A,, is a diagonal matrix whose en-
tries are approximately samples of a bounded function f on a regular grid, i.e. A, is
close to diag (f (%) ;1< < n) and A, is a Wigner matrix with a variance profile: A% =
M\/%Y")Xij, the X;;’s being i.i.d. (apart from the symmetry constraint) standard gaussian
random variables and o being symmetric, i.e. o(x,y) = o(y, x). If instead of M,,, one can de-

scribe the limiting spectral distribution of M,, = ( 205 ZO" ) = ( yT -?-AZ Yn -g An ) , then
2, =T 0 )

0 =r's,
as noticed by Shlyakhtenko. It is not clear however how to adapt the concept of freeness with
amalgamation to the study of M, since the deterministic elements of M, are not diagonal

entries any more.

one can also describe the limiting spectral distribution of 3, %1 since M,QL = (
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Apart from this, two issues remain with this approach: The extension of the result to the
non-gaussian case and to the case where the diagonal deterministic entries are not samples
of a bounded function (which is a case covered by Assumption (A-3)).

The direct study of a Wigner matrix with a variance profile. Another approach is based on
Shlyakhtenko’s remark together with the technique developped in this paper: Since it is
sufficient to study the spectral measure of M, in order to get the result for the spectral
measure of M,%, one can directly study the diagonal elements of the resolvent (Mn —2I,)" %
This approach yields to results expressed in terms of the limiting Stieltjes transform of
%Tr(Mn 7

4. PROOF OF THEOREM 2.3
We first give an outline of the proof.

4.1. Outline of the proof, more notations. The proof is carried out following four steps:

(1) Recall the definitions of the supports H and M (cf. Assumption (3) and Remark
2.8). We first prove that the system of equations (2.6) and (2.7) admits at most a
unique couple of solutions (7 (z, dt, d)\), 7(z, dt,d\)) among the set of Stieltjes kernels
for which the support of measure 7, is included in H and the support of measure
7. is included in H (Section 4.2). We also prove that if such solutions exist, then
necessarily, f(z) = [dr, and f(z) = [ d#, are Stieltjes transforms of probability
measures.

(2) We then prove that for each subsequence M (n) of n there exists a subsequence
Mg, = Mgup(n) such that for all z € CT,

Li\/[S“b w ,U'Z and Ei\/[sllb b’l[}‘_) ,[LZ7 (4.1)

n—oo n—oo
where p, and fi, are complex measures, a priori depending on w € Q, (if Q denotes
the underlying probability space), with support respectively included in H and H
(Section 4.3). Note that the convergence of the subsequences stands everywhere (for
every w € Q).

(3) We then prove that z — p, and z — [i, are Stieltjes kernels (Section 4.4). As in the
previous step, this result holds everywhere.

(4) We finally prove that for a countable collection of z € C* with a limit point, say C,
the measures p, and i, satisfy equations (2.6) and (2.7) almost surely for all z € C.
This is based on a precise description of the diagonal entry ¢;;(z) of the resolvent
(2,27 — 2I)~! (Lemma 4.1). Analyticity arguments yield then that almost surely,
Vz € C, p, and [i, satisfy equations (2.6) and (2.7). Otherwise stated:

- Almost surely, the system (2.6)-(2.7) admits a solution (p., fi2),
- This solution being unique, there exists a couple of deterministic Stieltjes kernels
(74, 7,) such that almost surely (p., fiz) = (7., 72) .
- Finally since almost surely the limit is the same for every subsequence in (4.1),
the convergence holds for the whole sequence:
w

w 4 ~
L} —— 7, and L} —— 7.
n—oo n—oo
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This will conclude the proof.

We introduce some notations. Denote by

_ 2(u. )7 A
D(z,m:)(u, A) = =z (1 +/‘7 (u, t)”(z’dt’do> 1T e o2t cuyn(zdt, dO)’

d(m,)(u) = 1+c/02(t,cu)ﬂ'(z,dt,dC),

D(m., 7.)(u, \) —Z (1 +C/02(t’c“)”<z’dt’do> 1y faQ(u,?)fr(z,dtdC)’

A7) (u) = 1+/02(u,t)fr(z,dt,dg),
k(my)(u) = —z <1—|—c/02(t, u)w(z,dt,d()).

Let v be a complex measure over the set H (recall that H is compact by (A-3)) then we
denote by ||v||ty the total variation norm of v, that is

Il = [¥I(H)

sup{‘/fdl/ ,

4.2. Step 1: Proof of the unicity of the solutions. Consider two Stieltjes kernels 7 and
7 such that the support of measure 7, (resp. measure 7.) is included in H (resp. H). We
prove in this section that if 7 and 7 satisfy equations (2.6) and (2.7), then they are unique.

€ COLT), [fllo < 1}.

Notice that the system of equations (2.6) and (2.7) remains true for every g € C(H;C)
(consider g = h +ik) and assume that both (7., 7,) and (p., p,) are pairs of solutions of the
given system. Let g € C(H;C), then (2.6) yields:

- zg(u, \) [ o®(u, t) (7 (2, dt,d¢) — p(z,dt,dC))
/gdﬂ—z_/gdpz B / D(7ts,m2) X D(pz, ps) Hi{du, d3)

2 _
D(7,,7,) X D(ps, ps) X d(m,) x d(p,)
and
dH
gdﬂ-z_/gdz S Zanaxgoo ﬁ—z_Nz v/ ~ o
/ po| < elbaclolle 17 = ol [ T B

AH (du, d)\)

+CCTrznax Glloo ||TTz — P2z v/ b —
lglloo I | D@7y % D(npn) x () = Ao

If one takes the supremum over the functions g € C(H;C), ||gllco < 1, one gets :

|72 = pzllev < ellme = pellov + Bl72 — pellov

where
o = alm. p.7.5) / NH (du, d))
= T T =
TP Tina D (72, 72) X D(pz pa) X d(m2) x d(p2)]
- dH
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Similarly, (2.7) yields:

. . czg(u,N) [o?(t,cu)(n(z,dt,dC) — p(z,dt,dC)) "
Jadn= [air = [ Bz, 72) Do) Hldua)

X g(0.3) 030, 8) (2. b, ) — iz b, )
D(m,,7.) x D(pz, pz) X d(72) x d(p-)

. 1 czg(u,0) fO’Q(t,U)(ﬂ'(Z,dt,dC) — p(z,dt,d¢)) N

+a-o [ K(m.) x w(p.) !

+c

H(du, d)

and

/gdﬁzf/gdﬁz

dH
) X D(pZa pz)
AH (du, d))
+ cohulgllocle = pulls [
Dz, 72) % Dipz, ) x d(2) x d(p)

< mgawuwzpwg/
‘ 71'27 7Tz

1
du
+<1—w»aﬁmgzuwnmnwz—pguv/"4——————44f
. T(ma) < a(p)]

As previously, by taking the supremum over g € C(H;C), |||l < 1, we get:

Hfrz - ﬁZHtV < 5‘||7Tz - pzutv + /é”ﬁ'z - ﬁZ||tv

where
H 1
&=ampip) = ol (o[ ot ti-o [
‘D(Wz,ﬁz)xD(pZ,ﬁz) e Ir(m2) x K(p2)]
~ ~ o AH (du, dA
B=fBrp7p) = caim/ . M(dwd))
|D(r..72) % Dipe.fz) x d(72) x d(p:)

We end up with the following inequations:

{ H7Tz sztv < alm = p.llev + @”ﬁ'z = pzllev

- - ~ 4.2
1 = pallow < @llms — pallew + Bl172 — fellee (4.2)

Let us prove now that for z € CV with Im(z) large enough, then a < .

Since 7 and 7 are assumed to be Stieltjes kernels, Im (z [ 02 (u,t)7(z,dt,d¢)) > 0 and
Im ([ o%(t, cu)w(z,dt,d¢)) > 0. Therefore, Im(D(7.,7.)) < —Im(z) and hence |Im(D(7, 7.))| >
Im(z). Similarly, [Im(D(p., p.))| > Im(z). Thus,
1 < 1
|D(7tz,m2) X D(pzy p2)| — ImQ(Z).
Now consider zd(m,). As previously, Im(zd(r,)) > Im(z). As |zd(w.)| > |Im(zd(w,))|, this
Since z € CYV, 2L < /2. The same

. . 1 1 1 2]
implies that A S (e and ] S Tmey » Tm(2)
argument holds for d(p.) thus we get

2co?,. [ AH(du,d)\)

<

1
< Tm2(2) 3 for Im(z) large enough.
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With similar arguments, one can prove that

ﬁgznax & S 30—1211&)(, B § rzn(ax)
z

P Im(z) ’ Im(z)

/ AH ( dud)). (4.3)

Therefore max(a, 3, &, 8) < 0 < 1 for z € CV and Im(z) large enough where ¢ does not
depend on (m, 7, p, p). Thus, the system (4.2) yields

|72 — pzllev = |72 — pzllew =0 for z € CV and Im(z) large enough.

Now take z € CT and g € C(H). Since [gdr, and [ gdp, (vesp. [gdr. and [ gdp,) are
analytic over C* and are equal in CV for Im(z) large enough, they are equal everywhere.
Since this is true for all g € C(H), 7, and p, (resp. 7, and p,) are identical on C*. This
proves the unicity.

It remains to prove that if a solution (7, 7,) to the system exists, then f(z) = [ dr, is
the StleltJes transform of a probability measure (one will prove similarly the correspondlng
result for f(z) = [ d#.). Recall that

Im(f(2)) = Im (/ dﬂz) /ID T ~H(du,d)) > 0

by (2.6). Moreover, since |f(z)| < =7y L f(2) is the Stieltjes transform of a subprobability
measure. It remains to check that 11r11y_>Jroo iy f(iy) = —1. Since

2 2

‘/UZ(U,t)ﬁ'(iy,dt,dC)‘ < Tmax  4nd ‘/02(t,cu) m(iy,dt,d¢)| < @,
Y )

and
- iy H(du, d))
W) = [ R )+ )

14c [ o2 (t,cu)m(iy,dt,dQ)

the Dominated convergence theorem yields the desired result.

4.3. Step 2: convergence of subsequences LMw> and LMswb, Let zp € CT. Due to
Assumption (A-3) and to the fact that |g;;(z)| < Im™'(z), Helly’s theorem implies that for
each subsequence of n there exists a subsequence M = M(n) and a complex measure fi,,
such that

LMYy,

Z
0 n—oo

Since L™ is random, p, also depends on w. but due to (A-3), its support is included in H. Let
(2k,k > 1) be a sequence of complex numbers dense in CT, then by Cantor diagonalization
argument, one can extract a subsequence from M, say Mgy, such that

Vk € N, L%S“b — 4., and LMS“b — s iz,
n—oo

n—oo
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where p, and fi,, are complex measures, a priori random. Let g € C(K) and let z € C*.
There exists zx such that |z — 2| < e and

(a)

Mgup(n Mgup(m Mgup(n Mgup(n
‘/gsz b<>_/gsz o >‘§’/gsz b()_/gszk o)

+ ‘/gdL%sub(n) _/gdL%sub(m)‘_’_‘/gdL%sub(m) _/gdLysub(m)‘

(®) (e
Let n and m be large enough. Since L%ﬂ“b converges, (b) goes to zero. Since ¢;;(z) is analytic
and since |g;;(2)| < Im™'(2), there exists K > 0, such that
Vi > 1, V2,2 close enough, |qi(2) — qis(2")] < K|z — 2].
Thus max{(a), (¢)} < K||gll|z — 2zx|. Therefore, ([ gdL=") is a Cauchy sequence and
converges to ©(g)(z). Since g — O(g)(2) is linear and since |0(g)(z)| < Im™*(2)]|g|s0, Riesz
representation’s theorem yields the existence of . such that ©(g)(z) = [ gdu. (recall that

the support of p, is included in H which is compact). The convergence of ﬂiws“b can be
proved similarly and (4.1) is satisfied. The second step is proved.

4.4. Step 3: the kernels u, and i, are Stieltjes kernels. Let us now prove that
z — [ gdpu. is analytic over CT. Since | [ gdLM| < Im ™' (2)||g]/oe, from each subsequence
of ( fg dLi‘JS“b), one can extract a subsequence that converges to an analytic function. Since
this limit is equal to [ gdp., the analyticity of z — [gdu, over CT is proved. Since
properties (3) and (4) defining the Stieltjes kernels are satisfied by L, the kernel 11, inherits
them. Therefore, u, is a Stieltjes kernel. Similarly, one can prove that i, is a Stieltjes kernel.
The third step is proved.

4.5. Step 4: the kernels p, and i, are almost surely equal to m, and 7,. We will
now prove that almost surely for every z € CT, u, and ji, satisfy equations (2.6) and (2.7).

In the sequel we will drop the subscript n from the notations relative to matrices, and
the superscript n from AZ. Let € = (0;(k))1<k<n and f; = (6;(k))1<x<n. For the sake of
simplicity, ©7 will be denoted Z. Consider the following notations:

’ Matrix ‘ Y A by Ea) YT AT = EZ) ‘
| ith Tow |G Audi & i Ji ANifi & i |
Matrix when ith row | - - X Eaﬂ.) - - =) E%;i)

is deleted

In particular, {r; = ¢;. + A;;€; and 52 =v,;+ Aiiﬁ for 1 < i < N. We will denote by D;
and A; the respectively n x n and N x N diagonal matrices defined by

21 & 17 1
Di:diag<U(N7n)7"'70.(N,1)> P Aj:dlag<G(N’n)7,U(1’n)>

vn vn vn vn

Finally, for 1 <i < N, we denote by Dy; ;) and A(; ;) the matrices that remain after deleting
row ¢ and column i from D; and A; respectively.

We can state our first lemma:
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Lemma 4.1. Assume that (A-1), (A-2) and (A-3) hold and let z € CT be fized.

(1) The ith diagonal element q;;(z) of the matriz (X7 — 2Ix)~! can be written :
1

qii(2) = - - - A2
T, (Bt g (el

(1) (2) (3)
@ +Aiig;, Tei, tE,

(4.4)
where 1 <3< N and
—1
Z(IT)L = —zy (Z(Z)Z( ) — ZI) —2€; (2(1)2(1) I) Q;T
-1
2 = =26 (ShHZe - zI) 7l + 2 Tr (Df (z5=w - 1) >
~1
) = eme (DSR2 ) - zTr< 2 (58 —#1) >
-1 -1
e = i (SaoShy-#l) AT (A?i,i) (BB - #1) )
® (A2, (SeaSt, —20) ) - (A2 (52T - 21) 7
€im = (i) (&) 20 — 7 i z
Moreover, almost surely
L ¢ L0
. k
Yk, 1<k <5, lim ; | =0. (4.5)
(2) If1<i<N then the ith diagonal element Gi;(z) of the matriz (XTY — 2I,)~ ! =
(ZET — 21,,) 7! can be written:
i (2) 1
Qii z) = N . A2 °
L,z 2(k i a4 ( ) (3)
2= 2 1 0% () @ (2) + RS EU Y P G Niglin T &0 4
(4.6)
If N +1 <1 <mn, then §;; can be written:
(%) : (47)
qii( =z
T () o)+ e
where
—1 1
~(1) _ > (=T = 7T (=T = T
Ein — TRY4 (“(z)“(l) —ZI) fl _Zfi (_‘(z)“(l) _ZI> Y
—1 -1
= = =2 (EhEn —#) e <A§ (=20 - =1) )
f _ ~1
& = am(AFETE-2) ) 2T (A? (=20 - =1) )
(@) _ -1 _ —1
E’L,n = 771 ( (1 74)\_4(2 Z) —ZI> 771 —’I‘r D(’L Z) (:(Z 1) (,L 2) ZI)

=(5) 2 = =T -t 2 (=T -1
Eim = Tr{Disy (5(1,1)5(1-,1-)—2]) —Tr (Dl- (:: —zI) )
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Moreover, almost surely

o1 (k)
k=1,45 lim — M=o,
i A 2 o
1 — (48)
for k=23 lim — =0.
n—oo n

1<i<n

Proof of Lemma 4.1. Since q;;(z) = (X7 — 2I);;*, this element is the inverse of the Schur
complement of (E@ZE) - z]) in (X7 — 2I) (see for instance [12], Appendix A). In other

words
-1

ai(2) = (1612 - 2 - &, Eh) - 2D ') él)
Using the identity
I-30(S03h) — )80 = (55 0 — )7,

we have
%i(2) = .
—z— zé.(Ea)E(i) —2I)1Er
B 1
—2 = 2. (ST B — 27T — 2ALE (ST D) — 2I) 716l + Auiel
B 1
—2— 23002 (£, 5) Gui(2) — 2A%E(ST) D) — 2D)7LET + Al e + el
Similarly, we have
&EhHw —D7'e = EHZe -2
B 1
C —z- Zﬁi(z(ii)zai) —2D)7il

_ ! (4.9)

—Z (1 + A Y 0% (% 5) awe(2) + e + 5(5))
And (4.4) is established. It is important to already note that since 7;. is the ith row of E%;),
E7;. = 0 (while Eg;. = (0,--- , Ay, -+ ,0)). If i < N, (4.6) can be established in the same

way. If i > N 4+ 1, then E.i is centered: There are no more A;; and all the terms involving
A;; disappear in (4.6), which yields (4.7).

‘We now prove that

(4.10)

n—oo

One will prove similarly that 4 Zi:1 \éi’n| — 0 a.s. Denote by R,, = (26)2@) — 271 =

)

(pij)- Since R, is symetric, Ein = —22¢;. Rpe] and

—*T 4
|yz n€ |§ szk:pkz = § szkq iko zlly;lzpklzpkgzpllzplgz
k1,k2,l1,l2
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Denote by Ep, the conditional expectation with respect to the o-algebra generated by R,,.
Since ¢;. and R,, are independent and since EY;, = 0, we get:

Eg, |¥i. Rn_'T|4 = 2Eg, Z klpkz| l|ph‘2
kolsktl
+ERn Z Yk:pkz lell+]ER7LZ klpkﬂ
keolik Al

< 4E Xn 4 maXZ|ka| |Pl1|2 Xn 40 max <Z|sz| >

but >, |pkil® = || Rneil? < |Ral? < Im2(z) Therefore,
|22\44E(X")4 S 1
el —- 4.11
fin| = n2Im*(z) Ry (4.11)
Finally,
X ( N ) 4
1) (1
P{NZ >5} < L (Dg |>
i=1 i=1
@ 1 - (14 ' 1 M B 1
< §AN4 ;(E|€i,n) < 5741215 E|E | X 2

where (a) follows from Minkowski’s inequality and (b) from (4.11) and Borel-Cantelli’s lemma
yields Eq. (4.10).

Let us now prove that

e (4.12)

n—oo

,n

One will prove similarly that 1 3~ |§(2)|, ~ 2 |5(4)| and 4 2 |5(4)\ go to zero a.s. Denote by

T = (X1, , Xin) and erte . = ;. D;. In partlcular
G (020 — 2D 7' = 5Di(S 26 — 217 Dl E]

where Z;. and Di(E(i)E(i) —zI)” IDZT are independent. Lemma 2.7 in [2] states that
E|Z;. CZ. — Tr C|P
< K, ((E(X)*Tr CCT)"? 4 B(X,1)PTr(CCT)/?) (413
P

for all p > 2. Take p = 2+¢€/2 where € is given by (A-1) and let C' = Di(E%’;)E(@ —zI)"'DT.

Then
T\q < O—;lr?ax 1
Vg >1, Tr(CCH)?< 21 Imzq(z)'

(4.14)

Therefore, (4.13) and (4.14) yield

K K K
= AT 2+4¢€/2 1 2
E|z,.CZ; — Tr C| < v + Tite < ST
where the constants K, K; and K3 depend on the moments of X1, on opmax and on Im(z).

Thus
K|z
— plte/d”

2)]"

’LTl

E|e

(4.15)
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Finally,

@p ® 1
i | x n1+e/4

IA
\
95}
=
=4
i<
o)

where (a) follows from Minkowski’s inequality and (b) from (4.15), and Borel-Cantelli’s

lemma yields (4.12).
We now prove that

a.s.
— 0.
n— oo

0

1N
v

(4.16)

One will prove similarly that 13- 89| goes to zero. Since £TS = SHZ@ + €7¢,., Lemma

i

2.6 in [18] yields:

2
- 4 T 1 2 O max
‘Tr ((Z ¥ —2I) (EoSae — 21) )Dl = nlm(z)’

In particular,

5(3)‘ < [2100ax
ST nlm(z)
which immediatly yields (4.16).
We finally prove that

LN

N2t o0

i=1

One will prove similarly that + > \55572| goes to zero. Write

-1 —1
() _ 2 T 2 T

+TrAf (%)Eﬁ) - zI) T mea? (mx7 )

As for ¢ one can prove that

in?

2
max

nlm(z)

o
<

‘TYA%M) (E(m)za,i) - ZI) - Tr &G (E(i)za) - 21)71 B

by applying Lemma 2.6 in [18]. Let

-1

1
2 T 2 T
Rin =T A2 (Sl —21) - Tra? (57 - 21)

(4.17)

(4.18)

-1
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By applying to X7 — 21 the identities relative to the inverse of a partitioned matrix (see

[12], Appendix A), we obtain: Tr A? (XX7 — zI)_l =Ty + Uy + U3 where

2 T -1
v,o= TrAl, (Z(i)E(i)—zI>
—1 -1
2 T (T T T
A, (B0=h - 21) Tif&sh) (Sesh - 1)
—z — 2§ (3%, B — 21)"1EE

\113 l 02 (ﬁ’ i) .
n—z— sz(E(Tz)E(,) — ZI)—lE{'

Uy =

In particular, k;, = —W9 — U3. We have

—1 -1
E &T
E3%) (DBt -21) A%, (SeSh -21) Tei
—Z — 251(26)2(1) - ZI)_lf_Z

[Wa| =

2

(z(i)zg) - 21)71 N

IN

1AGal 1= =
’Z + 26 (X0 2y — 21) 1] ‘

Let ¥ = Zfi}l VlulvlT be a singular value decomposition of ;) where v;, u;, and v; are
respectively the singular values, left singular vectors, and right singular vectors of ;). Then

2
2 N-1? ‘UZT_'T

H (Zu)za - ZI)_l S

=1 v — Z|2
and
) Nl fof €l
Im (z + zgi‘(Eg)E(i) — zI)flgiT) =Im(z) [ 1+ 5 5
= v =2

1

As a consequence, |Uy| < Tinax (z _; EE)E@) — zI)’lfiT) >0

e Furthermore, since Im
by Proposition 2.2-(3), we have |¥3] < U?;f" Iml(z). Thus, 51-753 < U%‘" Im?’(z), which immedi-
atly yields (4.18). Lemma 4.1 is proved. O

Recall notation D introduced at the beginning of Section 3:

D(7z, 72 ) (u, A) = =2 (1 + /02(u,t)7~r(z,dt7d§)) + A

1+ c [o2(t, cu)n(z,dt,d¢)’

We also remind the notations Mgup, . and i, (for simplicity, denote by n* = Mgy, (n) and
N* = N(n*)). It has been shown in Step 2 that from each subsequence of (n) one can extract
a subsequence n* such that

VzeCt, LV —“ -y, and L7 —“— fi.. (4.19)

n—oo n—oo

Note that p and i depend on both w € Q and Myy,.
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Corollary 4.2. Let the assumptions be as in Lemma 4.1 and let z € CT be fized. Then
there exists a measurable set A, with probability one such that for every w € A,:

N*

1 20/ N*)
Vg € C(K), lim g g(A2,i/N*) ” = =0. 4.20
(k) Jim Z INT) = 5 ;Duz,uz)( - (4.20)

where n*, p and fi are given in (4.19) and N* = N(n*).

Proof of Corollary 4.2. Let A, be the intersection of the sets where (4.5) and (4.8) hold.
Following the notations D and d introduced at the beginning of Section 4, we introduce
their empirical counterparts along the given subsequences:

1 - (k N*

W) = 1+ 0 )qu<)+ el +el

N*’ n*
k=1
* z n k A2
D" - ., _ = 2 v ~ i 7
“ T k:la <u7 n*) G (2) + dm (u)

+Ay 51,2 1@ 4 553,3

7,n*

Since g;; = (D™ (i/N*))™" by (44) and (=S — 21);;" = (—zd™ (i/N*))~! by (4.9),
Proposition 2.2-(1) yields:

1 1 1 |z

— < and — < . (4.21)
[D™(i/N*)| ~ Im(2) ™" (i/N*)[ — Im(z)
On the other hand, since u, and i, are Stieltjes kernels, we have:
1 1 1 E
- - < and - < . 4.22
D)@ A2)] = e ™ G S
Therefore,
* | 2 (JoAIN ALY — [ (/N ) dii )
dii — = — _
D(fiz, i) (=5 AZ) D™ (5=) X D(fiz, 1) (55 AZ)
Aji & D4 5(2) +e®
+ i,mn* * 7,m*
( 7 )><D (/1= 1) (=5 A%)
( (-,i/n*)dLY —c [ a2(-,i/n*) d,uz)
+ s s
d</~bz)( =) xdr ( =) x Dr (’*) x D(fiz, p=) (=5 A%)
A2 ins T 52 g
) (42 -4

d(p=) (§=) < d" (=) x D" (§=) x D(fiz, p2) (5= A7)
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Recall that the A;;’s are assumed to be bounded (say |A;;| < K). Due to (4.21) and
(4.22), we get:

@ - D(ﬂz;ﬂz)l(N*7A2) - Im|§(z) TN AL - /JQ(i/N*")dﬁz
I(in*)
K€+ o2+ [0,
* Im?(2)
+ ﬁzg o [ty — e [ty du + [0+ [0

J(i,n*)

In order to prove sup;<y- I(i,n*) — 0, recall that C([0,1]*) = C([0,1]) ® C([0,1]). In
particular, Ve > 0, there exists k € N, g; € C([0,1]) and h; € C([0,1]) for I < k such that

sup, ; [02(2,t) — Zle gl(:r)hl(t)’ < e. Therefore,
[ yaiy — [N i <swl [ diy - [ da.

which implies that sup,< v+ |I(i,n*)| goes to zero. One can prove similarly that sup; < . J(i,n")
goes to zero. Therefore,

— 0
n—o0

< sup

N* N*
1 « 1 ,@/N*)
afy 9(AZ,i/N¥) — — L
‘N*; / N ZD Nm/iz)(WaAn‘)

i=1

[2lllgll ey gl 3)

< —5 - su IZJ’L + 177,* zn* + = 5171*
~ Im?(2) ig]\l?* ( ) Im?(2) g N* Z' | N+ Zl

|22 K19l , 1
+——5——— | sup J(i,n* E”L* + = Eln* .
Im4(z) ig]\l;)* ( ) N* Z ‘ N* Z‘
and (4.20) is proved with the help of Lemma 4.1. O

We now come back to the proof of the fourth step of Theorem 2.3.

A direct application of the Dominated convergence theorem yields that (A, u) — %

is bounded and continuous therefore (A-3) yields

z/N
W Hd)\d . 4.2

Moreover,

Zg u?Z/N qis n—>/gd,uz (424)

Consider now a countable set C Wlth a limit point. Since C is countable, (4.20) holds almost
surely for every z € C and for every g € C(K). Thus (4.23) and (4.24) yield that p, and fi,

N*
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satisfy (2.6) (and similarly (2.7)) almost surely for all z € C.
g

Since p, and fi, are Stieltjes kernels, one can easily prove that z — [ WdH is

analytic over C*. Therefore, by (2.6), the two analytic functions z f gdu, and z +—
J mcﬂ{ coincide almost surely over C which contains a limit point. They must be

equal almost surely over C*. Therefore pu, and fi, satisfy (2.6) (and similarly (2.7)) almost
surely for all z € C™T.

Since p and [ are Stieltjes kernels satisfying almost surely (2.6) and (2.7), they must be
almost surely equal to the unique pair of solutions (7, 7) by the unicity argument developped
in Step 1 (cf. Section 4.2). In particular, u and i are almost surely independent of w € .
Thus for every subsequence M = M (n),

w 7 w ~
as, VzeCh, LM Y gx, and LM "7,

n—oo n—oo

Therefore, the convergence remains true for the whole sequences L7 and L”. Theorem 2.3
is proved.
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